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Abstract

It is generally accepted that the onset of transition to the turbulence in free convection along a vertical isotherm plane
with gas occurs at a given Grashof number[ A more subtle reality became apparent thirty years ago in the course of
experiments carried out with either small installations and pressurized gas or under atmospheric pressure with an
experimental installation of great height[ To elucidate the problem\ a re!examination of data set and a new analysis have
been made[ This has led to a physical interpretation of what was observed ] the origin of the instability which is triggered
o} in this boundary layer lies in interaction between the zone beyond this boundary layer where there is a vertical
strati_cation of temperature and the boundary layer near the plane[ This is based on the comparison between charac!
teristic times calculated for the two zones in question[ Þ 0887 Elsevier Science Ltd[ All rights reserved[

Nomenclature

Cp speci_c heat at constant pressure ðJ kg−0 K−0Ł
Cv speci_c heat at constant volume ðJ kg−0 K−0Ł
Ec Eckert number
f frequency ðHzŁ
Fr Froude number
` gravitational acceleration ðm s−1Ł
Gr Grashof number
h heat transfer coe.cient ðW m−1 K−0Ł
H height ðmŁ
k thermal conductivity ðW m−0 K−0Ł
K0\ K1\ K2\ K3\ k0\ k1\ k2 dimensionless constants
L length ðmŁ
N dimensionless number "Fr×Ec#
Np\ Nx\ NDT dimensionless numbers relative\ respect!
ively\ to P\ x and "Tw−T�#
O"A# same proportion as A
P pressure ðN m−1Ł
Pr Prandtl number
rot rotational operator ðm−0Ł
t time ðsŁ
tB boundary layer oscillation time ðsŁ
tosc oscillator time "period# ðsŁ

� Corresponding author[

tv transversal viscous communication time ðsŁ
T absolute temperature ðKŁ
Tw wall temperature ðKŁ
T� temperature outside the boundary layer ðKŁ
u\ v velocity components in the x\ y system of co!ordi!
nates ðm s−0Ł
U\ V velocity ðm s−0Ł
W width ðmŁ
x\ y Cartesian co!ordinates ðmŁ[

Greek symbols
b thermal expansion coe.cient ðK−0Ł
d boundary layer thickness ðmŁ
du\ dv\ dr\ dT\ dP disturbance of u\ v\ r\ T\ P\ respectively
D 91 ðm−1Ł
z vorticity component ðs−0Ł
l wavelength ðmŁ
m dynamic viscosity ðkg m−0 s−0Ł
n cinematic viscosity ðm1 s−0Ł
r density ðkg m−2Ł
fm viscous dissipation function ðkg m−0 s−2Ł
9 Nabla operator ðm−0Ł[

Subscripts
at atmospheric pressure conditions
av average
BV BruntÐVa�isa�la�
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H high
L low
max maximum
tr transition
w wall
� outer boundary layer[

Superscripts
− steady state
= time derivation[

0[ Introduction

Previous publications ð0Ð4Ł\ gave a set of experimental
results on natural convection including laminarÐtur!
bulent transition in free convection along a vertical iso!
thermal plane[ This research was undertaken under con!
tract with Electricite� De France and Euratom in order to
solve thermal insulation problems for pressurized gas
nuclear reactors[

In a preliminary report in 0852\ Mordchelles!Regnier
and Kaplan ð0Ł\ described what we had observed orig!
inally ] {{The conditions for transition to the turbulent
regime on a single vertical plate depend not only on the
Grashof number but also on the height at which the
turbulence appears||[ Thirty years on\ many excellent
textbooks in the _eld of convection\ heat and mass trans!
fer "e[g[ ð5Ł p[ 157 in the 0884 edition# still give a constant
Grashof number as a condition for turbulent transition[
This is because in free convection the Grashof number
plays a role similar to that played by the Reynolds num!
ber in forced convection[ During the laminarÐturbulent
transition the role played by these two numbers can be
clari_ed by taking the ratio tn:tB\ where tn and tB are two
characteristic time scales ]

*tn characterises the transversal viscous communication
time ^

*tB characterises the eddy formation time "or period for
travelling waves in the boundary layer#[

As already stated above\ the problem is that in free con!
vection a constant Grashof number for transition is in
contradiction with the observations made during exper!
iments[ A more extensive analysis is therefore necessary[
There are currently many textbooks on the subject of
transition "e[g[ ð5Ð8Ł#\ chaos and non!linear dynamic sys!
tems "e[g[ ð09\ 00Ł#[ Various analyses are to be found in
these books on the simpli_ed meteorological model by
Lorentz ð01Ł\ and on the RayleighÐBenard instability\ but
seldom or with only a passing reference to vertical plane
con_gurations[ However\ there are some exceptions
which deal with the present subject ] Dring and Gebhart
ð02Ł have presented an analytical study with a numerical
solution for laminar natural convection boundary layer

~ow over a vertical surface with uniform heat ~ux[
Godaux and Gebhart ð03Ł have observed transition in a
experimental study of natural convection ~ow adjacent
to a vertical surface[ Gebhart and Mahajan ð04Ł have
compared prediction and experiments about charac!
teristic disturbance frequency in vertical natural con!
vection ~ow[ More recently\ Bejan and Cunnington ð05Ł
have developed a theoretical model of turbulent tran!
sition in natural convection near a vertical wall using an
inviscid jet model[ Due note has been taken of all these
articles\ in particular of the fact that instability can arise
from the coupling of two oscillators "ð00Ł p[ 162#[ In the
present case interaction is possible between the boundary
layer which spreads along the plane and the ~uid which
remains stationary beyond the boundary layer[ In this
area\ viscous e}ects are negligible\ the ~uid reacting like
an inviscid ~uid and there is a vertical temperature strati!
_cation[ Va�isa�la� ð06Ł in 0814\ Brunt ð07Ł in 0816\ then
Glansdor} and Prigogine ð8Ł p[ 067 in 0860\ dem!
onstrated in the case of geophysical applications\ that
under these conditions an oscillation of part of the ~uid
is possible[ The frequency of this oscillation is called
BruntÐVa�isa�la� frequency " fBV#[ The associated period
tosc � 0:fBV is a new time scale to compare with the early
one\ giving a new criterion for the laminarÐturbulent
transition[

Usually\ BruntÐVa�isa�la� frequency is connected to a
notion of internal gravity waves in ~uid within bound!
aries[ In this case\ stationary waves depend on fBV and
on boundary measurements "e[g[ Thorpe ð08Ł where fBV

appears but is not identi_ed as such#[ There are many
geophysical applications where the fBV is present[ Benielli
and Sommeria ð19\ 10Ł\ treat the case of strati_ed ~uid in
interaction with a vertical boundary layer[ According to
Ndame and Penot ð11\ 12Ł then Xin and Le Que�re� ð13Ł\
the in~uence of fBV in natural convection was _rst envis!
aged by Patterson and Imberger ð14Ł in 0879[ Ndame ð11Ł
p[ 39\ Xin and Le Que�re� ð13Ł p[ 095\ think that this
frequency does not explain the onset of transition to
turbulence[ Their argumentation is that the internal wave
notions are dispersive but only slightly dissipative\ and
located mainly in the core of the cells where only one
very small frequency would be activated contrary to the
band of small frequency observed[

Le Que�re�\ Xin\ Henkes ð13\ 15Ð17Ł\ treat the transition
to turbulence in rectangular cells by numerical simu!
lation[

This paper is set out following di}erent stages ]

*synthesis of various experimental works\ examination
and presentation[

*Grashof transition number evaluation in analogy with
forced convection[ There would appear to be several
orders of magnitude between evaluation and measure!
ments[

*new assessment by a more direct way of the BruntÐ
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Va�isa�la� frequency " fBV# evaluation[ In addition it is
shown that a pendular mode with the same frequency
is also possible[

*assessment of the ratios tn:tB and tosc:tB\ where
tosc � 0:fBV[

*comparison with measurements which show that a new
physical interpretation is possible in accordance with
the measurements if taken in consideration of the fact
that the vertical gradient of temperature outside the
boundary layer evolves with the plane temperature[

1[ Observations made during the experiments

The _rst stage for transition from laminar to turbulent
~ow is the boundary layer oscillations with a wavelength
in relation to the boundary layer thickness[ Such oscil!
lations are always present from time to time "that is
one of the reasons for the intermittence phenomenon#
because of small disturbances coming from the outer
~ow[ A predominantly periodic phenomenon can be
observed during the transition onset[ Sometimes the oscil!
lations are dampened but more often the wave becomes
irregular in shape and ends up by breaking down\ trans!
forming into vortices and _nally fragmenting into the
smaller scaled turbulence[ These oscillations are basically
of the same nature as the waves which can be observed
in forced convection along a ~at surface[ The researcher|s
task is rendered more di.cult by virtue of the inter!
mittence of this phenomenon for he has to locate the
exact place where instabilities begin[ The transition was
detected by di}erential interferometry except for ð3Ł
where it was detected by heat ~uxmeters placed on the
plane "see Table 0 in the Appendix#[

Figure 0 illustrates the onset of the transition which
takes place along a plane wall situated in ambient air[
Note the stretching and the folding of the boundary layer[

The presentation of results in ð1Ł and ð2Ł was "Fig[ 1# ]

`
bx
Cp

� 9[435 = 0902 $0
Cp

b 1
2:1 0

`v%
−2:1 0

b"Tw−T�#
[

This form was retained because for measurements ]
Nx � `"bx:Cp# � Cte = x ^ Np �"Cp:b#2:1"0:`v# � Cte = P ^
NDT � b"Tw−T�# � Cte ="Tw−T�# are dimensionless
parameters which characterise\ respectively\ x\ P and
"Tw−T�#[

The experimental correlation can also be written thus ]

Grx � 9[85 = 0906 ðN−9[3
DT = N1

x Ł4:5[

As Nx � ð`"b:Cp#Łx \ where `"b:Cp# is almost constant for
all measurements\ then Nx � x:L\ where L should be a
length to be determined\ but remaining constant for each
con_guration[

A new presentation of the data is given in Fig[ 2[

Fig[ 0[ Transition visualization[

For these experiments\ pressurized gas was used from 0
to 29 bars and several sizes of plane\ or at the atmospheric
pressure with two sizes of plane\ one of which was 2[1 m
high[ It was easier in these conditions to explore a wide
_eld of parameters where the transition occurs than
in experiments with a single con_guration[ In ð4Ł\ a
dimensional analysis was used to suggest a data
correlation[ This led to the use of the following
number ] N � ð`L:"Cp"Tw−T�#Ł\ equivalent to
"`L:U1#ðU1:"Cp"Tw−T�#Ł\ i[e[\ the product of the Froude
number by the Eckert number in order to interpret the
experimental data[ This parameter\ which is always small\
is introduced by the compressibility pressure stress work
in energy equation where\ although of the _rst order\ it
is to be compared to the vertical gradient of temperature[
It can therefore seem suspect "except when the vertical
gradient of temperature tends to zero# to give a physical
justi_cation of such measurements with this parameter
because for gas\ `:Cp is almost always constant and is
generally very small compared with the vertical tem!
perature gradient[
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Fig[ 1[ Previous presentation of measurements from ð1Ð3Ł[

2[ Examination of hypothesis ] laminarÐturbulent

transition in free convection occurs in conditions similar to

those for forced convection

Figure 3 illustrates how the comparaison is made to
evaluate the Grx number[ Umax and d have been taken in
free convection as shown in ref[ ð18Ł p[ 200[

The e}ect of the thermal strati_cation has not been
considered in this evaluation\ but it is known "see ð5Ł p[
070# that is modi_es only slightly the shape of the station!
ary boundary layer[

Rex � r
Umaxx

m
¼ 9[655 0

19
10

¦Pr1
−0:1

Gr0:1
x � K0 Gr0:1

x

d

x
¼ 2[82 0

19
10

¦Pr1
0:3

Pr−0:1 Gr0:3
x � K1 Gr−0:3

x

therefore\ Redtr:2
� 0

2
Rextr

="dtr:x# �"K0K1:2# Gr0:3
xtr

[ Then
with Pr � 9[61\ Redtr:2

� 0[939Gr0:3
xtr

In forced convection the transition appears for ]

Rextr
�

rUx
m

� K2 = 094 where K2 ¼ 4

d

x
¼

K3

zRex

where K3 � 3[53

i[e[ Redtr
� K0:1

2 K3[
By identi_cation of the Reynolds transition number\

based on the friction layer to take into account the uni!
versality of the transition phenomenon along the bound!
ary layer\ then _nally ]

Grxtr
� $

2K0:1
2 K3

K0K1 %
3

= 0909 � 0903[

Figure 3 indicates how to evaluate comparative con!
ditions during the transition between forced and free
convection along a ~at surface[

The Grashof transition number is shown in Fig[ 2[ It
is of several orders of magnitude superior to the obser!
vations made[ Another explanation must\ therefore\ be
found[

3[ Towards a physical interpretation

It is easy to justify why there is a vertical gradient of
temperature in the experimental chamber[ Except when
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Fig[ 2[ Experimental conditions for transition in free convection along a vertical and isothermal plane "note the in~uence of the
con_guration#[ Ž data from ð0Łb air in ambient conditions[ E data from ð0Ła CO1 in pressurized vessel of small height[ � data from
ð3Ł air in ambient conditions and plane of great height[ R data from ð1Ł CO1 in pressurized vessel of medium height[ × data from ð1Ł
N1 in pressurized vessel of medium height[

Fig[ 3[ Comparable transition for forced and free convection along a ~at surface[
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there is under~oor heating\ the area outside the boundary
layer is strati_ed with a positive gradient of temperature[
This is because hot ~uid rises and cold ~uid descends[

See Fig[ 4 for the schematization used to estimate the
vertical gradient of temperature outside the boundary
layer[ It leads to ]

1T
1x b� �

"TH−TL#
L

Ł
`
Cp

[

The length L can be of same height as that of the plane
or that of the height where the experimental plane is
located\ or a length to be de_ned[

3[0[ General equations for the problem

Taking a gas with constant physical properties
"k\ m\ Cp# the equations used can be written as ] momen!
tum conservation

r
1V

1t
¦r"V =9#V � −9P¦m91V¦rF

mass conservation

1r

1t
¦9 ="rV# � 9 "0#

energy conservation

rCp 0
1T
1t

¦V =9T1� k91T¦
1P
1t

¦V =9P¦fm

~uid state

Fig[ 4[ Vertical gradient of temperature outside the boundary
layer ] 1T:1x=� � ð"TH−TL#:LŁ Ł"`:Cp#[ The length L can be
the same as that of the height Hc of the chamber where the
experimental plane is located near the wall or the same as the
height H of the wall\ or another to be de_ned[

P
r

�"Cp−Cv#T[

Taking the stability of the ~uid outside the boundary
layer ^ this problem was _rst analysed by Va�isa�la� ð04Ł\
Brunt ð05Ł and then by Glansdor} and Prigogine in ð8Ł
p[ 067[ The result can be obtained direct from the equa!
tions "0#[ For the stationary state\ the pressure and tem!
perature pro_les are linear ]

u¹ � 9 ^ v¹ � 9 ^ TÞ� T9¦
1TÞ
1x b� = x

PÞ¼ P9−r9`x ^
1TÞ
1x b� � Cte

with perturbations ]

u � u¹¦du � du

v � v¹¦dv � dv

T � TÞ¦dT � T9¦
1TÞ
1x b� x¦dT

P � PÞ¦dP � P9−r9`x¦dP[

Supposing now a brief perturbation for which viscous
dissipation and thermal di}usion did not have enough
time to take e}ect\ the equations "0# then give for a _rst
order approximation ]

1du
1t

� `bdT−
0
r9

1dP
1x

1dv
1y

� −
0
r9

1dP
1y

1dT
1t

¦du 0
1TÞ
1x b�¦

`
Cp1�

0
r9Cp

1dP
1t

[ "1#

Simpli_cation is possible by assuming ]
"0:r9#"1dP:1x# ð `bdT and "0:r9Cp#"1dP:1t# ð"1dT:1t#\
du and dT dependent on only the temporal variable t\
then ]

du¾ � `bdT

dTþ � −du 0
1TÞ
1x b�¦

`
Cp1

and by elimination of one variable ]

du�¦`b 0
1TÞ
1x b�¦

`
Cp1 du � 9

dTÝ¦`b 0
1TÞ
1x b�¦

`
Cp1 dT � 9 "2a#

these are the equations for a linear harmonic oscillator
with the frequency ]

f �
0
1pX `b 0

1TÞ
1x b�¦

`
Cp1 "3#

i[e[\ the BruntÐVa�isa�la� frequency[
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Consequently a stable oscillator is possible only when ]

x
"Tw−T�#

1TÞ
1x b� ×

x`
"Tw−T�# = Cp

� 0
`x

U11 0
U1

"Tw−T�# = Cp1� Fr = Ec[ "4#

Applying the rotational operator to the momentum equa!
tion "0#\ a result similar to the previous one can be
obtained "note rot = grad � 9# ]

z �
1du
1y

−
1dv
1x

¼
1du
1y

"orthogonal component of the vorticity#

1z

1t
¦ du

1z

1x
¦dv

1z

1y
zxxxxxcxxxxxv

1? order

1

¦z 0
1du
1x

¦
1dv
1y 1

zxxxxxcxxxxxv

div"dvł#�9

¼ `b
1dT
1y

[

Consequently

1z

1t
¼ `b

1dT
1y

1

1t
1dT
1y

� −
1

1y $du 0
1TÞ
1x b�¦

`
Cp1%¼ −z 0

1TÞ
1x b�¦

`
Cp1

then by elimination of the variable dT ]

z�¦`b 0
1TÞ
1x b�¦

`
Cp1 z � 9[ "2b#

In this form\ it is a pendulum oscillator which has always
the same frequency as "3#[ It should be noted that this
oscillation comes from a temperature disturbance\
relations "2a#\ "2b#\ describe local reactions[

The oscillator period gives an oscillation time scale ]

tosc �
1p

X`b0
1TÞ
1x b�¦

`
Cp1

[

"5#

With these results\ the dimensionless parameter
`L:Cp"TH−TL# also appear[

3[1[ Time scale analysis

As suggested by Bejan ð5Ł p[ 07\ {{The object of scale
analysis is to use the basic principles of convective heat
transfer in order to produce order of magnitude estimates
for the quantities of interest||[ Turning now to the time
scales used here ]

3[1[0[ Boundary layer oscillation time[
Two possible situations are represented in Fig[ 5[ In

mode "a#\ the instability comes from the plume which
emerges at the top of the wall[ Bejan in ð5Ł p[ 144 and ð6Ł
develops an analogy between the buckling of elastic solid
columns and the meandering of inviscid stream[ In mode
"b#\ the instability comes from the travelling waves "of
the Tollinien Schlichting type# in action in the boundary
layer after a disturbance[ In such a case\ Bejan and Cun!
nington ð05Ł propose a theoretical approach with an
inviscid jet model[ From ð5Ł and ð6Ł\ mode "a# leads to ]

tB ½
l

uav

\
l

d
½

p

20:1
� 0[70

"for rectangular cross!section#

tB � k0

d

uav

with k0 ½ 0[70[

In Fig[ 0\ l:d can be evaluated[ It is distinctly superior to
0[70 ^ consequently mode "a# is probably incorrect[

In mode "b# "evaluation from ð05Ł#\ an inviscid jet next
to the vertical wall is considered[ The vorticity transport
is explicated[ Periodic solutions for disturbances are re!
searched[ As a result\ some disturbances can be ampli_ed
if ]

0[722 ³
l

d
³ 3[690 with 1[41

d

uav

³ tB ³ 6[8
d

uav

i[e[ here also tB � k0"d:uav# but with 1[41 ³ k0 ³ 6[8[
In ð03Ł\ an experimental study with water and uniform

Fig[ 5[ Possible modes for boundary layer wave type[
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~ux on the wall gives ] 079 ³ k0 ³ 203[ The range for
frequencies found is 9[97Ð5[24 Hz[

Other data is compiled in ð04Ł and gives similar results[

3[1[1[ Transversal viscous communication time

It is the time taken for the viscous di}usion to penetrate
su.ciently in the normal direction of the stream[ In a
_rst approximation\ for a penetration of the order of d\
it is ]

tv � k1

r�

m�

d1 with k1 ½ 0:13[

For a penetration limited only to d:2 it would be ]

k1 ½
0

21 = 13
� 9[9935[

To evaluate time scales\ take the velocity and the bound!
ary layer thickness calculated by the integral method
following once more the SQUIRE procedure "as reported
in ð18Ł p[ 200#\ and ignore the 1t order e}ects which arise
from the vertical gradient of temperature outside the
boundary layer[

r
uavx
m

�
4[06
01 0

19
10

¦Pr1
−0:1

Gr0:1
x

d

x
� 2[82Pr−0:1 0

19
10

¦Pr1
0:3

Gr−0:3
x

where

Grx � `b"Tw−T�#x2 0
r

m1
1

_nally

tosc ¼
1p

X`b0
1T
1x b�1

tB ¼ k0

d

uav

tv ¼ k1

r�

m�

d1

from which follow the ratio ]

tv
tB

¼
r

m
uavd

k1

k0

� O"0#

:
4[06×2[82

01
Pr−0:1 0

19
10

¦Pr1
−0:3

Gr0:3
x

k1

k0

and with Pr ½ 9[61

tv
tB

¼ 0[64
k1

k0

Gr0:3
xtr

� O"0# Grxtr
: 9[094 0

k0

k11
3

"6#

with Grxtr ½ 0903 as evaluated in Section 2\ it gives ]

if k1 ½ 0:13 then k0 � 120

if k1 ½ 9[9935 then k0 � 14[6[
Publications generally give Grxtr × 3 = 097Ð0909 depending
on the author "see ð03Ł Table 1 for air\ the works of
Gri.ths and Davis\ Saunders\ Eckert and Soehgen\ Har!
nett and Irvine\ Warner\ Cheesewright\ Coutanceau#[ For
the experiments grouped here with air and presurrized
gas\ transition occurs for Grxtr × 097Ð0909\ i[e[
038 ³ k0:k1 ³ 360[

If this criterion had been correct\ k0:k1 would be a
constant but clearly it is not[

The experimental observations reported in Section 1
suggest evaluating tosc:tB to check whether it is a constant[
Physically\ a constant value means that there is a coupling
between the travelling waves and the BruntÐVa�isa�la� oscil!
lators[ Reference ð02Ł p[ 162 gives some examples of
coupled oscillators where each has a di}erent frequency[
There are many other examples of coupling with electrical
circuits or mechanical oscillators[

In the present case\ tosc:tB has been evaluated by the
same procedure as previously[
tosc

tB
¼

1p

X`b0
1T
1x b�1

Uav

dk0

� k2

tosc

tB
¼

1p

k0 0
4[06

01×2[821 0
19
10

¦Pr1
−2:3

×Pr0:1 Gr0:3
x 0

x
"Tw−T�#

1T
1x b�1

−0:1

� k2

with Pr ½ 9[61

tosc

tB
¼

9[2863
k0

Gr0:3
x 0

x
"Tw−T�#

1T
1x b�1

−0:1

� k2

Grxtr
: 39[0k3

0k
3
2 2

xtr =
1T
1x btr\�

Tw−T�
3
1

[
"7#

The vertical gradient of temperature outside the bound!
ary layer was not measured during the experiments except
for the con_guration of Fig[ 8 relating to experiments

Fig[ 6[ Model put in a 9[6 m high pressurized vessel[
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Fig[ 7[ Model put in the laboratory ambient conditions[

where a radiative emissivity of the wall is 9[40 instead of
a very small value for the experiments given in Table 3[
In this particular case "ref[ ð29Ł#\ the vertical gradient of
temperature measured outside but near the boundary
layer was ]

1T
1x b� ½ 9[72¦

Tw−T�

2
[

The constant part is the initial value before heating the
wall[ There are various possible explanations for the
second part ] _rst\ it arises from the size of the closed
pressurized vessel where the plane is placed\ in which case
it must be di}erent for each con_guration[ Secondly\ in
the immediate neighbourhood of the boundary layer\ it
is a part of the hot ~uid leaving the top of the wall which
~ows back after blending with the cold ~uid to feed
the boundary layer[ Conduction also takes part in this
process[ In this case ]

1T
1x b� ½

1T
1x b� before heating the wall¦

Tw−T�

2H

where H is the height of the wall "0 m here#[

Fig[ 8[ Model put in a 0[5 m high pressurized vessel[

This contribution would always be in a similar form
for all the con_gurations[

*Another non!identi_ed explanation[

Checking the second one with the various experiments\
the results are plotted in Fig[ 00[ For each con_guration
there is a correlation in the form ]

xtr

Tw−T�

1T
1x b� � A = Gr0:1

xtr
[

It gives credit to the assumption that tosc:tB � Cte as a
good criterion for transition[

Coe.cient A would appear to depend on the size of
the cavity containing the plane or on the height of the
wall[ This is perhaps only an appraisal of the conditions
of observation of the transition which change with the
size[

A ½ 4 = 09−5 for H � 9[14 m and a cavity of small size[
A ½ 1[4 = 09−5 for H � 0 m and a moderate sized cavity[
A ½ 0[4 = 09−5 for H � 2[1 m and a large space[

For what follows\ A ½ 4 = 09−5 has been retained\ this
being the most restrictive\ then ]
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Fig[ 09[ Model put in ambient conditions in the 7[7 m high
laboratory chamber "metallic silo for grain storage#[

Fig[ 00[ Check of assumption tosc:tB � Cte[

k0k2 ½ 067[

The range of tosc during the experiments was ]

2 s³ tosc ³ 29 s[

To reinforce these results\ Fig[ 01 shows a recording
taken from ð3Ł[ There are electrical signals from a heat!
~ux meter placed on the wall and a thermocouple placed
in the boundary layer\ both at the same level x[ There the
convection is turbulent but the sensors are just beyond
the transition[

The orders of magnitude of tosc and tB appear clearly ]
they are di}erent[ Moreover\ according to the distance
from the boundary layer\ the vertical gradients of tem!
perature can be di}erent[ It is possible that several BruntÐ
Va�isa�la� oscillators can be activated\ each having its own
frequency[

Figure 02\ from ð20Ł\ gives recordings of the power
spectral density for turbulence in free convection[ They
con_rm the presence of very small frequencies[

To sum up\ it is suggested that ]
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Fig[ 01[ From ð3Ł[ Simultaneous ~uctuations of heat~ux meter placed on the wall and ~uid temperature in the boundary layer[
Tw � 042[2>C ^ y � 9[3 mm ^ x � 0[74 m[

Grxtr 2 Tw−T�

xtr =
1T
1x btr\�

3
1

� 3 = 0909

with
1T
1x btr\� �

1T
1x bbefore heating the wall

¦
Tw−T�

2H

be used henceforth as the condition for the onset of
the transition to turbulence in free convection along an
isothermal plane[ The value of the constant and the ver!
tical gradient of temperature are to be de_ned more
exactly by new measurements[

4[ Conclusions

Although it is widely conjectured that the onset of
transition to turbulence in free convection along a ~at

vertical isotherm wall is conditioned by a constant
Grashof number\ this does not accord with experimental
data[

Using the time scale analysis as Bejan does ð5\ 6Ł\
and by analogy with the Reynolds number in forced
convection\ it is shown\ in stage one\ that the ratio tv:tB
gives a transition condition of several orders of mag!
nitude superior to the experimental data[

In stage two\ a di}erent approach is suggested to inter!
pret the experimental transition condition[ For this\ a
new time scale is introduced ] outside the boundary layer
there is a possible oscillation having a period tosc "new
time scale equal to 1p:fBV#[

The new time scale depends directly on the vertical
gradient of temperature[ The frequency fBV is distinctly
lower than fB\ the frequency of the travelling waves[
Consequently\ a coupling type*not yet clearly expli!
cated*must be involved in the process[ In addition to
the experimental observations\ there are three factors in
favour of coupling ]

*linear and pendular modes of BruntÐVa�isa�la� oscillator
are possible in places near the boundary layer "local
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Fig[ 02[ "From ð20Ł[# Power spectral density[ The con_guration is as in Fig[ 09[ x � 1[94 m ^ Tw � 099>C[ Gu" f # � 3 Ð�
9 Ru"t# cos 1pft dt

and Ru"t# � limT:� ÐT
9 u"t#u"t¦t# dt[ T � observation time[

oscillator#[ At the beginning of the transition the
phenomenon is two!dimensional[

*locally\ near the boundary layer\ there can be a vertical
gradient of temperature higher than farther away from
the boundary layer[

*there is a domain of wavelengths where the travelling
waves in the boundary layer are ampli_ed[

The oscillator reacts to oscillations coming from the tra!
veling waves and provokes the onset of transition to

turbulence[ The measurements show that this occurs in
normal conditions before the viscous dissipation becomes
insu.cient to dampen the travelling waves[

In the _nal stage\ a check is carried out that all is in
accordance with the experimental data[ In the immediate
neighbourhood of the boundary layer\ the vertical gradi!
ent of temperature is a}ected by a partial recirculation
in the stream leaving the top of the wall[ It is in this area
that the BruntÐVa�isa�la� oscillation is activated[

Natural convection in vertical con_gurations is a good
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example to study the two!dimensional transition to tur!
bulence[ Locally at co!ordinate x\ there are the degrees
of freedom ] d\ u\ and the interaction with an outer oscil!
lator\ to give rise to chaos[

A similar analysis should be possible to determine the
condition for transition in vertical cells\ but the problem
is more complex because there are several means of steady
~ows according to values for the Grashof number and the
aspect ratio height:width[ The waves are also probably
a}ected by the width of the cells[ It is an interesting
challenge for future research[ For this purpose\ exper!
imental data is available "e[g[ ref[ ð4Ł with rectangular
cells of large aspect factor H:W and _lled with
pressurized gas#[ Techniques for numerical simulations
also exist "e[g[ ð13\ 15Ð17Ł#[

A specially designed user!friendly method of visu!
alisation in natural convection is proposed in ref[ ð21Ł[
Particular attention would be paid to the vertical tem!
perature gradient[
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Appendix

Data from ð0Ł[ P9 � 0 atm[ Data from ð1Ł "extracts
only\ other data corresponding to tests for an eventual
radiating e}ect#[ P9 � 0 atm[ Data from ð3Ł\ P9 � 0 atm[
Transition observed by heat ~ux meter placed on the
plane[

Table A0
Di}erent sizes of the plane and the surrounding conditions

Ref[ Flat size Surrounding

H "m# W "m#
ð0Ła 9[14 9[1 CO1 pressurized vessel of low

height "9[6 m#
ð0Łb 0 9[1 Air in ambient conditions and

with plane placed in a basement
approximately 0[8 m high

ð1Ł 0 9[1 0[5 m high CO1 pressurized vessel
0 9[1 0[5 m high N1 pressurized vessel

ð3Ł 2[1 0 Air in ambient conditions[
Model put in a large silo for grain
storage "metallic walls#

Table A1
CO1 in pressurized vessel of low height "see Fig[ 6#

Fluid P:P9 "Tw−T�# "K# x "m# Grx = 09−7

CO1 3 21[5 9[14 16
3 84[4 9[014 6
4 13 9[14 22
4 14[3 9[06 02[3
4 41 9[014 7
5 03[6 9[14 22
6 01 9[14 26
6 22 9[014 01
7 8[8 9[14 30
8 6 9[14 27
8 12[1 9[014 03

Table A2
Air in ambient conditions "see Fig[ 7#

Fluid P:P9 "Tw−T�# "K# x "m# Grx = 09−7

Air 0 57 9[89 29
0 029 9[49 09

Table A3
CO1 and N1 in pressurized vessel of medium height "see Fig[ 8#

Fluid P:P9 "Tw−T�# "K# Tw "K# x "m# Grx = 09−7

CO1 1 00 187 9[67 002[0
1 00[6 291[4 9[52 48[0
1 52[7 258[4 9[10 5[17
2 2[4 177[3 9[64 70[5
2 3[2 178[8 9[52 47[8
2 17[5 211 9[10 09[1
2 49[1 238[1 9[094 0[61
6 4[8 183 9[10 05[5
6 03[4 294 9[094 3[40

09 2[7 181[1 9[10 12[6
09 5[7 185 9[094 4[97
03 1[2 177[2 9[10 22[3
03 3[3 180[1 9[094 6[55

N1 1 04[2 291[1 9[62 18[7
1 14[4 205[5 9[52 20[1
6 3[6 177[7 9[52 82[9
6 3[8 182[6 9[52 78[7
6 17[8 210[9 9[10 04[4
6 20[7 221[4 9[10 04[3
6 49[7 249[4 9[094 1[5
6 36[4 243[3 9[094 1[15

03 4[8 189[9 9[10 06[2
03 8[7 186[1 9[094 2[29
29 0[2 173[9 9[10 07[8
29 2[1 175[6 9[094 4[54
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Table A4
Air in ambient conditions "see Fig[ 09#

Fluid P:P9 "Tw−T�# "K# Tw "K# x "m# Grx = 09−7

Air 0 41[8 224 9[87 48[1
0 60[8 256 9[86 46[0
0 097[0 280 9[60 20[6
0 009[3 396 9[69 14[5
0 041[5 322 9[32 6[72
0 042[2 327 9[34 7[42
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